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Fig. 2 Comparison of shock tube end-wall radiative heat-
transfer rate measurements with calculations using five-

step absorption coefficient model.

lated values obtained by using the present five-step absorp-
tion coefficient model in the numerical solution of Ref. 7 are
also shown in this figure and reasonable agreement is seen to
exist. This favorable comparison may be contrasted with
that provided by the other two calculations shown in Fig. 2.
The first is for an isothermal transparent slab (no radiative
cooling or self-absorption), and the second includes only self-
absorption (without radiative cooling). As may be seen, for
the higher velocities the former is a factor of three and the
latter approximately 50% greater than the mean of the data.
It is only at the lowest velocities that these three calculations
are in agreement. Thus, the effects of self-absorption and
radiative cooling both appear to be important for the present
conditions. Although the calculations shown in Fig. 2 sug-
gest that self-absorption is the more important of these two
effects, photomultiplier measurements of the radiative time-
history behind reflected shock waves in air at these conditions
indicate that significant radiative cooling is also present.

It should be noted that the present calculations are as
much as 25-50% lower than the earlier two-step model calcu-
lations of Ref. 1, and are in reasonable agreement with the
mean of the data. It should also be noted that a similar
absorption coefficient model has been used by Page et al.8 in
carrying out theoretical calculations of stagnation-point ra-
diative heat transfer at super-orbital velocities. Because of
the similarities between the absorption coefficient models, the
present agreement with experiment indirectly supports the
calculations of Page et al.
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Thermal Transport and Relaxation
Processes in Shock-Heated Argon

KLAUS WlLLEKE* AND DANIEL BERSHADERf

Stanford University, Stanford, Calif.

THIS Note reports the results of experiments on high-
temperature thermal transport and ionization relaxation

in argon. The measurements were made with an improved
thin-film surface thermometer1 located in the end wall of the
Stanford Aerophysics Laboratory high-pressure shock tube
and were intended to constitute an independent check on
similar studies made by the optical interferometric tech-
nique.2 Measurement of temperature as a function of time
following shock reflection yielded heat-transfer rates from
the wall thermal layer in a temperature range not attained
previously with this type of device.

The resistance thermometer heat gage consists of a triple-
layered element (40 A Cr-400 A Pt-400QA Cr) coated by a
somewhat thicker layer of Si02 (8000 A). The coating is
chemically matched to the quartz (Si02) substrate such that
the sensor is embedded essentially in a homogeneous medium.
Its response to a heat input at the gage surface is then ob-
tainable by means of a simple transfer function.

Figure 1 shows the heat-gage response in argon. The first
rise occurs upon shock reflection from the end wall and is
caused by the sudden deposition of energy into the transla-
tional mode of the gas. All internal degrees of freedom are
"frozen" for some time, typically a few microseconds for
present experimental conditions. Equilibrium ionization is
attained at the end of a characteristic relaxation time. The
latter stages of the approach to equilibrium are quite rapid.
Consequent modification of the thermochemical state of the
gas produces a corresponding effect on the thermal transport
and, therefore, on the wall temperature behavior. The latter
change is seen as the second rise in Fig. 1. That figure, there-
fore, contains information on 1) heat transfer from the non-
ionized gas at "frozen" temperatures in excess of 1 ev, 2) re-

Fig. 1 Response of
end-wall heat-
transfer gage in
argon; PI = 10 torr,
Ti = 297 °K, sweep
speed = 50 jusec/div;
TSF represents
6'frozen" tempera-
ture of the non-
ionized gas behind
the reflected shock.
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laxation time to ionization, and 3) additional heat transfer
associated with the appearance of substantial numbers of
electrons at or near the end of the ionization relaxation
process.

We have deduced the thermal conductivity dependence on
temperature for "frozen" argon over the temperature range of
2100° to 16,400°K by minimizing the root-mean-square de-
viation between the experimental traces and theoretical gage
responses calculated numerically by the use of the usual
boundary-layer equations and the thermal conductivity ex-
pression

x = x,(T/T,Y (1)
The form for x given by Eq. (1) stems from kinetic theory,
where the interatomic potential is taken as proportional to an
inverse power of the separation. The potential is pre-
dominantly repulsive at higher temperatures. The analysis
by Amdur and Mason,3 who used somewhat more complex
potential functions deduced from atomic-beam scattering
experiments, showed a good fit with Eq. (1) for v = 0.75 for
the case of nonionized argon.

In the present study, ten experiments were evaluated and
gave

v = 0.749 ± 0.023 (2)

a result that confirms the Amdur-Mason prediction. The
preceding value agrees, as well, with the work of Kuiper,2

whose analysis, in turn, includes a corrected version of the
experimental results reported by Bunting and Devoto.4 In
Kuiper 's optical work, the measured quantity is the end-wall
boundary-layer profile of density. The latter is converted to
temperature and compared with a profile constructed from a
theoretical boundary-layer analysis which involves the ex-
ponent v as a parameter. Thus the two experimental studies
are quite independent.

Figure 2 show^s the present results expressed as a scaled heat
flux vs Mach number in comparison with calculated predic-
tions for various values of v. The clustering of the points
around the curve for v — 0.75 is consistent with the result
indicated in Eq. (2).

Table 1 summarizes the results of several other investiga-
tions and includes ours as well. There is generally good agree-
ment with respect to the value of v, but note that Matula6 and
Collins and Menard5 worked in rather restricted temperature
ranges. Further, Camac and Feinberg,7 who worked with a
unique infrared-type gage, subsequently found a calibration
error8 that adds further uncertainty to their result. The
temperature ranges in Table 1 indicate the freestream tem-
perature of argon.

We turn now to the relaxation time studies. The rapid
production of electrons in the gas outside the thermal layer
near the termination of the relaxation processes is followed by
a penetration of the same process into the layer itself. The
presence of free charges has two effects on thermal transport.

Table 1 Values of power law exponent v for thermal
conductivity of argon: K/K.W — (T/TW)V

Amdur and Mason3

(theoretical)
Collins and Menard5

(surface resistance

Matula6 (surface re-
sistance gage)

1,000°K < T < 15,000°K v = 0.75

1,500°K < T < 5,000°K v = 0.703

1,500°K<!T <4,800°K
Camac and Feinberg'

(surface IR gage) 20,000°K < T < 75,000°K v
Kuiper2 (based on

Bunting and De-
voto4) (optical inter-

2;500°K < T < 9,200°K v

v = 0.68

0.76

ferometry)
Present work1 (surface

resistance gage)

= 0.75

2,100°K < T < 16,400°K v = 0.75

Fig. 2 Comparison of experimental (scaled) heat flux
values in shock-heated argon with theoretical predictions
for several values of the thermal conductivity power law
parameter v [H/HW = (T/Tw)v] • Graph shows heat flux vs
Mach number of incident shock. Note that reflected
shock temperature and density for the case MS = 8 are,
respectively, TbF = 14,400°K and P5F = 2.02 X 10~4 g/cm3.

Firstly, there is a modification of the temperature gradient
and, therefore, of the Fourier conductivity. Balancing that
change is the transport of chemical enthalpy by ambipolar
diffusion, with recombination taking place both in the cooler
parts of the boundary layer and at the wall. Secondly, there
is a modification of the effective thermal conductivity due to
the presence of free electrons. The result appears as a second
rise in the temperature response curves of Fig. 1. This is the
first time, to the authors' knowledge, that such measurements
have been recorded by this type of gage. The time lapse
between the two breaks in those curves corresponds to a
relaxation time for ionization in the end-wall region. The
times between shock reflection and the inflection point of the
second rise were found to be in close agreement with Kuiper's2

interferometric measurements of ionization times behind in-
cident and reflected shock waves in argon. Figure 3 gives

PRESENT DATA

D P} = 5 to r r

0 = 1 t o r r

Fig. 3 lonization-relaxation times behind reflected
shocks in argon, measured by shock-tube end-wall heat

gage.
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the product of initial test-section pressure and ionization time
as a function of reflected-shock-region temperature. It il-
lustrates the close agreement between results obtained from
Kuiper's interferometric measurements of the thermal
boundary layer and those obtained from the present heat-
gage measurements on the wall.

Measurements of the second rise show that ionization re-
laxation increases the thermal transport to the wall by a
significant amount. For example, heat transfer was ap-
proximately doubled for the case of an incident-shock Mach
number of 8 advancing into room-temperature argon at 10
torr pressure. The second rise of the heat-gage response
levels off to a fairly constant value. That should permit
some future deduction of thermal conductivity coefficients in
ionized gases as well.
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Thermal Stresses in a Transversely
Isotropic, Hollow, Circular Cylinder
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Introduction

T^ORMULAS for the thermal stresses in an isotropic,
-T hollow, circular cylinder with a two-dimensional tem-
perature distribution independent of the axial coordinate have
been derived by Forray.1"3 In this Note, formulas are de-
veloped for the thermal stresses in a transversely isotropic,
hollow, circular cylinder. These results can be used to esti-
mate thermal stresses in re-entry vehicles which arise from
aerodynamic heating.

Statement of the Problem

Utilizing the static, linear theory of thermoelasticity for a
state of plane strain, expressions are developed for the stress
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and displacement fields in a hollow, circular cylinder of inner
radius a and outer radius b which is fabricated from a material
exhibiting transverse isotropy along the radial direction.
The cylinder is subjected to an arbitrary temperature dis-
tribution independent of the axial coordinate and the cylindri-
cal surfaces are assumed stress free.

Under conditions of plane strain, the stress-displacement
relations in cylindrical coordinates are

\iT (la)

(Ib)

(Ic)

(Id)rrd = cu[(<)U/Rc)d) + (57/bfl) - (V/R)]
where

+ 2ci2a2, X2 = + (c22 + C23)a2 (le)

and

U = u/b, V = v/b, R = r/b (If)

In Eqs. (1), the c,-,- are elastic constantst ; «i and o:2 are coef-
ficients of thermal expansion in the radial and circumferential
directions, respectively; T is the temperature measured rela-
tive to an ambient temperature at which the body is stress
free; u, v are the radial and circumferential components of
displacements, respectively. Equilibrium requires that the
dimensionless displacement components U and V satisfy the
system of equations

Cu 2 ' #2 502 R bR
c44) d27 (c22 + c44) 57 - X2)

R R T

c22 527
502

R

R bR R2

_j_ (c22 + c44) bU_ =

R2 50 R c)0

(2a)

(2b)

for some prescribed temperature T. For this problem, T will
be assumed symmetric about 0 = 0 and to be expressible in
the form

T(R,9) = cosn0 (3)

The stress and displacement fields associated with this par-
ticular form of the temperature T have representations

U = cosn0, 7
n=l

n=0
<r6 =

sinnfl (4a)

(4b)
snm0

n=l

Stress Formulas

Expressions will now be developed for the Independent
terms Un(R),yn(R), Sr

n(R), Se
n(R), and SrQ

n(R) of Eqs. (4).
In order to circumvent certain degeneracies which occur in
the field Eqs. (2) f or n = 0,1, these values of n will be con-
sidered separately from the general case n > 2.

} Relationships between the
son's ratios are given in Ref . 4.

and Young's moduli and Pois-


